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Abstract
Fractional derivatives (FDs) need to be calculated using series or
rational fractions. The effect of such approximations are usually
analysed by means of the frequency or the time responses. This paper
takes advantage of a probabilistic interpretation of FDs and adopts the
Shannon entropy for assessing the truncation effect produced by the
approximations.
©2012 L&H Scientific Publishing, LLC. All rights reserved.
1 Introduction
Fractional calculus (FC) generalizes the standard differential calculus by considering integrals and deriva-
tives of a non-integer order [1]– [4]. In the last decades FC emerged as a important mathematical tool for
modelling and analyzing phenomena exhibiting nonlinear dynamics [5]– [12]. The practical evaluation of
fractional derivatives (FDs) requires their approximation using either series or fractions and the truncation
effects are usually analyzed with the frequency and the time responses. This paper takes advantage of a prob-
ability interpretation of FDs previously proposed [13]– [14] and adopts the entropy measure for analyzing
the approximation errors.
Bearing these ideas in mind this paper is organized as follows. Section 2 presents the main mathematical
concepts, namely the Gru¨nwald-Letnikov definition of FDs, their interpretation in the perspective of proba-
bility theory, and the main aspects of entropy. Section 3 analyzes the approximation of FDs using entropy
for capturing the effect of the truncation. Finally, section 4 outlines the main conclusions.
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2 Fundamental Concepts
The Gru¨nwald-Letnikov definition of a FD of order 0≤  ≤ 1 of a signal x(t) is given by:
Dx(t) = lim
h→0
1
h

k=0
 ( ,k)x(t− kh) (1)
 ( ,k) = (−1)k (+1)
k!(− k+1) (2)
where  represents the gamma function and h the time increment.
It was observed [13]– [14] that
 ( ,0) = 1 (3)
−

k=1
 ( ,k) = 1 (4)
which lead to a probabilistic interpretation where −k=0  ( ,k)x(t− kh) is viewed as the calculation of
the expected value of the random variable. Therefore, the past samples of x(t) are weighted by mean of
− ( ,k), being the probability value higher the closer we get to the present sample.
Entropy is a well established index for characterizing probability distributions. The concept of entropy
was introduced in the field of thermodynamics by Clausius and Boltzmann, and was later applied by Shan-
non and Jaynes in the area of information theory [15]– [20]. The so-called Shannon entropy S is defined
by:
S=−
n
i=1
pi ln(pi) (5)
and represents the expected value of the information − ln(pi). For the uniform probability distribution
we have pi = 1n and the Shannon entropy takes its maximum value S = ln(n). Therefore, S measures the
“disorder” and exhibits values closer to zero the smaller the uncertainty.
3 Entropy analysis
Gru¨nwald-Letnikov definition (1) leads to a discrete-time calculation algorithm, based on replacing the time
increment h by the sampling period T , truncating the series at the rth-term, yielding:
Dx(t) = 1
T
r
k=0
 ( ,k)x(t− kh) (6)
The effect of truncating the series can be measured in the viewpoint of truncating the probability distribution.
Figure 1 depicts the coefficients − ( ,k) versus k and  .
We verify that the coefficients diminish very slowly with k and that approximations may require a large
number of terms. On the other hand, we observe that − ( ,k) has smaller values near the integer orders
 = 0 and  = 1, but that the chart is not symmetrical. The shape of the probability distribution can
be quantitatively measured using entropy (6). Figure 2 shows S versus  for truncation order r = 10m,
m = {1, · · · ,6}. We observe that, contrary to the standard approach that evaluates approximations in the
middle range, that is, for  = 0.5, we have worst approximations the lower the value of  . This result is due
to the fact that the probability distribution has higher dispersion the closer  get to zero.
J.A. Tenreiro Machado/Journal of Applied Nonlinear Dynamics 1(1) (2012) 109–112 111
100
101
102
k
0
50
100
alpha (x 100)
10−6
10−5
10−4
10−3
10−2
10−1
100
co
effi
ci
en
t
Fig. 1 Coefficients − (,k) versus k and  .
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Fig. 2 Entropy S versus  for truncation orders r = 10m, m= {1, · · · ,6}.
4 Conclusions
In the last years FC emerged as a useful mathematical tool for analysing phenomena in the areas of physics
and engineering. The application of FDs requires approximations and their influence needs to be evaluated.
This paper presented an approach based on the probability interpretation the Gru¨nwald-Letnikov definition
of FDs. The adoption of the Shannon entropy lead to an assertive measure for capturing the effect of
truncation errors and revealed the influence of the fractional order upon the results.
112 J.A. Tenreiro Machado/Journal of Applied Nonlinear Dynamics 1(1) (2012) 109–112
References
[1] Oldham, K.B. and Spanier, J. (1974), The Fractional Calculus: Theory and Application of Differentiation and
Integration to Arbitrary Order, Academic Press, New York-London.
[2] Samko, S.G,, Kilbas, A.A. and Marichev, O.I. (1993), Fractional Integrals and Derivatives: The,ory and Appli-
cations, Gordon & Breach Science Publishers.
[3] Miller, K.S. and Ross, B. (1993), An Introduction to the Fractional Calculus and Fractional Differential Equa-
tions, John Wiley and Sons.
[4] Kilbas, A.A., Srivastava, H.M. and Trujillo, J.J. (2006), Theory and Applications of the Fractional Differential
Equations, Elsevier (North-Holland), Math. Studies, Vol. 204.
[5] Oustaloup, A. (1991), La Commande CRONE: Commande Robuste d’Ordre Non Entier, Hermes, Paris.
[6] Machado, J. T. (1997),Analysis and Design of Fractional-order Digital Control Systems, Systems Analysis, Mod-
elling, Simulation, 27(2-3), 107–122.
[7] Podlubny, I. (1999), Fractional Differential Equations, Academic Press, San Diego-Boston-New York-London-
Tokyo-Toronto.
[8] Westerlund, S. (2002), Dead matter has memory!, Causal Consulting, Kalmar.
[9] Podlubny, I.(2002), Geometric and Physical Interpretation of Fractional Integration and Fractional Differentia-
tion, Journal of Fractional Calculus & Applied Analysis, 5(4) 357–366.
[10] Zaslavsky, G. M. (2005), Hamiltonian Chaos and Fractional Dynamics, Oxford University Press, Oxford.
[11] Magin, R. (2006), Fractional Calculus in Bioengineering. Begell House Inc, Redding.
[12] Mainardi, F.(2010), Fractional Calculus and Waves in Linear Viscoelasticity: An Introduction to Mathematical
Models. Imperial College Press, London.
[13] Machado, J.T. (2003), A Probabilistic Interpretation of the Fractional-Order Differentiation, Journal of Frac-
tional Calculus & Applied Analysis, 6(1), 73–80.
[14] Machado, J.T. (2009), Fractional Derivatives: Probability Interpretation and Frequency Response of Rational
Approximations, Communications in Nonlinear Science and Numerical Simulations, 14(9-10), 3492–3497.
[15] Shannon, C.E. (1948), A Mathematical Theory of Communication, Bell System Technical Journal, 27, 379–423
& 623–656.
[16] Jaynes, E.T. (1957), Information Theory and Statistical Mechanics, Phys. Rev., 106, 620–630.
[17] Khinchin, A.I. (1957), Mathematical Foundations of Information Theory, Dover, New York.
[18] Beck, C. (2009), Generalised Information and Entropy Measures in Physics, Contemporary Physics, 50(4), 495–
510.
[19] Gray, R.M. (2009), Entropy and Information Theory, Springer-Verlag.
[20] Machado, J.T. (2010), Entropy Analysis of Integer and Fractional Dynamical Systems, Nonlinear Dynamics, 62,
(1–2) 371–378.
